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E-mail address: jwang@eng.ua.edu (J. Wang).Externally bonding of ﬁber reinforced polymer (FRP) plates or sheets has become a popular method for
strengthening reinforced concrete structures. Stresses along the FRP–concrete interface are of great
importance to the effectiveness of this type of strengthening because high stress concentration along
the FRP–concrete interface can lead to the FRP debonding from the concrete beam. In this study, we
develop an analytical solution of interface stresses in a curved structural beam bonded with a thin plate.
A novel three-parameter elastic foundation model is used to describe the behavior of the adhesive layer.
This adhesive layer model is an extension of the two-parameter elastic foundation commonly used in
existing studies. It assumes that the shear stress in the adhesive layer is constant through the thickness,
and the interface normal stresses along two concrete/adhesive and adhesive/FRP interfaces are different.
Closed-form solutions are obtained for these two interfacial normal stresses, shear stress within the
adhesive layer, and beam forces. The validation of these solutions is conﬁrmed by ﬁnite element
analysis.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Fiber reinforced polymers (FRPs) are increasingly used for
strengthening of conventional materials such as reinforced con-
crete, steel, and wood (Meier, 1995; Taljsten, 1997) due to their
excellent material properties, such as light weight, high speciﬁc
strength and stiffness, and corrosion resistance. Stresses along
the FRP–concrete interface are of great importance for the success
of this type of strengthening because high interface stress concen-
tration can lead to debonding along the FRP–concrete interface and
premature failure of the strengthened beam. Extensive studies
have been conducted, and various models have been proposed to
calculate the interface stresses. A comprehensive review on these
studies was given by Smith and Teng (2001). The classical adhe-
sively bonded joint model of Goland and Reissner (1944) (G–R
model) was widely used in these studies (Roberts, 1989; Roberts
and Haji-Kazemi, 1989; Malek et al., 1998; Smith and Teng,
2001; Lau et al., 2001; Wang, 2003; Yang et al., 2004). By using this
model, the strengthened beam and the FRP thin plate were mod-
eled as two beams connected by a linear elastic adhesive layer.
By assuming that the shear and normal stress within the adhesive
layer are uniformly distributed through the thickness of the adhe-
sive layer, the adhesive layer can be modeled as a layer of contin-
uously distributed shear and vertical springs. No interactions arell rights reserved.
: +1 205 348 0783.assumed between the shear and vertical springs. The force equilib-
rium conditions of the adhesive layer are also ignored. In this way,
the adhesive layer was essentially modeled as a two-parameter
elastic foundation (2PEF). Simple closed-form expressions of inter-
face stresses and beam forces can be obtained by this 2PEF model
as demonstrated by many researchers (Delale et al., 1981; Smith
and Teng, 2001; Wang, 2003). The interface stresses predicted by
the 2PEF model reach good agreements with those obtained
through continuum analysis such as ﬁnite element analysis (FEA)
(Teng et al., 2002) except a small zone at the vicinity of the edge
of the adhesive layer. In this small zone, continuum analysis (Rabi-
novitch and Frostig, 2000; Teng et al., 2002) reveals that the nor-
mal stresses along the concrete/adhesive (CA) interface and the
FRP plate–adhesive (PA) interface are signiﬁcantly different. The
normal stress along the CA interface is tensile while the one along
the PA interface is compressive. This feature is very important be-
cause it tells where debonding will occur. Bearing in mind that
compressive stress does not contribute to the debonding of the
interface, tensile normal stress along the CA interface suggests that
debonding should occur along the CA interface, instead of the PA
interface. This has been conﬁrmed by numerous experimental
studies. The 2PEF model cannot capture this important feature. An-
other difﬁculty of the 2PEF model is that it cannot satisfy all the
boundary conditions. As illustrated by Delale et al. (1981) and
Wang (2003), the governing differential equation of the 2PERF
model is 6th order, which requires six boundary conditions; while
there are eight boundary conditions available, including six forces
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of the adhesive layer. Those two shear stress boundary conditions
have to be ignored in the 2PEF model. As a result, the shear stress
at the free edge of the adhesive layer reaches its maximum in the
2PEF model; while it actually is zero.
A few efforts have been made to overcome the drawbacks of the
2PEF models by using higher order beam theory or continuum
analysis (Whitney, 1997; Rabinovitch and Frostig, 2000; Yang
et al., 2004, 2008). Rabinovitch and Frostig (2000) modeled the
adhesive layer as a 2D linear elastic continuumwith negligible lon-
gitudinal stiffness. Their model satisﬁes the zero-shear-stress
boundary condition and predicts different interfacial normal stres-
ses along the CA and PA interfaces. Wang (2007) proposed a novel
three-parameter elastic foundation (3PEF) model to simulate the
behavior of the adhesive layer. Similar to the 2PEF model, the shear
stress in the adhesive layer is assumed as constant through the
thickness. The interfacial normal stresses along the CA and PA
interfaces, however, are assumed different in order to meet the
requirement of the equilibrium condition of the adhesive layer.
In this way, a governing differential equation of 8th order is ob-
tained for a plate strengthened beam. Closed-form expressions
are obtained by this new model for the interface normal stresses
along the CA and PA interfaces and the interface shear stress. All
the eight boundary conditions are satisﬁed in this model.
All these studies are limited to straight beams. For curved
beams, which are also commonly used in practice, only two studies
have been published (Elmalich and Rabinovitch, 2009; De Lorezis
et al., 2006). Elmalich and Rabinovitch (2009) conducted a ﬁnite
element analysis on circular arches strengthened with composite
materials. De Lorezis et al. (2006) developed an analytical solution
of interfacial stresses between a curved beam and a bonded thin
plate. This solution is based on the 2PEF model and therefore bears
the aforementioned difﬁculties of the 2PEF model. To remove difﬁ-
culties in the existing analytical solution, this study extends the
3PEF model for straight beams bonded with thin plates (Wang,
2007) to curved beams bonded with a thin plate. Closed-form solu-
tions are obtained for the interface normal stresses along the CA
and AP interfaces, shear stress within the adhesive layer in a thin
plate strengthened curved beam. The validation of these solutions
is then veriﬁed by ﬁnite element analysis.2. Three-parameter elastic foundation model for a curved beam
adhesively bonded with a thin plate
Consider a structural (RC) beam (adherend 1) strengthened by a
thin (FRP) plate (adherend 2) through a thin adhesive layer (Fig. 1).
Both the adherends and the adhesive are assumed linearly elastic
and orthotropic materials to account for the most general situa-
tion. The adherends are modeled as two curved beams with thick-
ness h1 and h2, respectively, connected by an interface of thin
adhesive layer with thickness of h0.2.1. Shear deformable curved beam theory
According to the shear-deformable beam theory, the deforma-
tions of two curved beams have the form
Uiðxi; ziÞ ¼ ui þ zi/i; Wiðxi; ziÞ ¼ wi; ð1Þ
where subscript i = 1, 2, represent the beams 1 and 2 in Fig. 1,
respectively. xi and zi are the curvilinear coordinates of the local
coordinates in beam i. ui; /i; and wi are the tangential, rotational,
and radial displacements of the mid-axis of curved beam i, respec-
tively. The strains along the mid-axis of the curved beams can be
written in term of curvilinear coordinate systems ase0i ¼ duidxi þ
wi
Ri
; j0i ¼ d/idxi ; c0i ¼
dwi
dxi
þ /i 
ui
Ri
: ð2Þ
The normal and shear strains in curved beam i are given by
ei ¼ RiRi þ zi ðe0i þ zij0iÞ; ci ¼
Ri
Ri þ zi c0i: ð3Þ
The constitutive equations for these two curved beams can be writ-
ten in the conventional way as (Wang and Zhang, 2007)
e0i
j0i
c0i
8><
>:
9>=
>; ¼
1
Ci
1
CiRi
0
1
CiRi
bi
CiR
2
i ðbi1Þ
0
0 0 1Bibi
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9>=
>;
Ni
Mi
Qi
8><
>:
9>=
>;; ð4Þ
where bi ¼ Rihi ln
Riþhi=2
Rihi=2
 
; Ci ¼ Eibihi for a plain stress beam model
and Ci ¼ Eihi1mxzimxzi for a plane strain model; Bi ¼ jGibihi; bi and hi
are the width and thickness of the curved beam i, respectively;
Ei; Gi; mxzi; mxzi are, respectively, the longitudinal modulus, trans-
verse shear modulus, Poisson ratios of plate i. j is the shear correc-
tion coefﬁcient chosen as 5/6 in this study; Ni; Qi and Mi are,
respectively, the resultant axial force, transverse shear force, and
bending moment per unit width of beam i.
Considering a typical inﬁnitesimal isolated body of the bonded
curved bi-beam system (Fig. 1), the following equilibrium equa-
tions can be established:
dN1
dx1
¼ R0 þ h0=2
R1
bs Q1
R1
 R1 þ h1=2
R1
bqt ;
dQ1
dx1
¼ R0 þ h0=2
R1
br1 þ N1R1 þ
R1 þ h1=2
R1
bqn;
dM1
dx1
¼ h1 þ h0
2
R0 þ h0=2
R1
bsþ Q1; ð5Þ
dN2
dx2
¼ R0  h0=2
R2
bs Q2
R2
;
dQ2
dx2
¼ R0  h0=2
R2
br2 þ N2R2 ;
dM2
dx2
¼ h2 þ h0
2
R0  h0=2
R2
bsþ Q2; ð6Þ
where s and r1; r2 are the shear stress in the adhesive layer, the
normal stress along the CA interface and the normal stress along
the PA interface, respectively. qt and qn are the external loads ap-
plied to beam 1. Combing the ﬁrst and third equations of Eqs. (5)
and (6) yields
Q1 ¼
R1
R0
dM1
dx1
þ h1 þ h0
2
dN1
dx1
 
þ h1 þ h0ð ÞðR1 þ h1=2Þ
2R0
bqt ;
Q2 ¼
R2
R0
dM2
dx2
 h2 þ h0
2
dN2
dx2
 
: ð7Þ
Global equilibrium conditions read
NT ¼ N1 þ N2; ð8aÞ
QT ¼ Q1 þ Q2 þ Qa; ð8bÞ
MT ¼ M1 þM2 þ h1 þ h22 þ h0
 
N1; ð8cÞ
where NT ; QT and MT are the resulting forces of the whole bi-lay-
ered beam with respect to the axis of beam ‘‘2” (Fig. 1); Qa is the
shear force in adhesive layer.
2.2. Three-parameter elastic foundation model of the adhesive layer
In this study, the three-parameter elastic foundation model
(3PEF) proposed by Wang (2007) is used to model the adhesive
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Fig. 1. Free body diagram of a curved beam bonded with a thin plate.
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(1944), this new model also assumes the shear stress is constant
through the thickness of the adhesive layer. The normal stress,
which is assumed uniformly distributed through the thickness of
the whole adhesive layer in 2PEF model, is assumed as constant
only through the half of the adhesive layer; and the normal stres-
ses in the upper and lower halves, r1 and r2 shown in Fig. 1, have
different values. In this way, the adhesive layer can be viewed as an
assembly of two linear normal spring layers with stiffness of K
interconnected by a shear layer with constants of Ga as shown in
Fig. 2. Since the normal stress is assumed uniformly distributed
through the thickness of the upper and lower half of the adhesive
layer, the stiffnesses of these two normal springs can be estimated
as K ¼ 2Ea=h0. Then the strain–stress relations of the adhesive
layer can be written as:
r1 ¼ Kðw1 waÞ ¼ 2Eah0 ðw1 waÞ;
r2 ¼ Kðwa w2Þ ¼ 2Eah0 ðwa w2Þ; ð9aÞs ¼ Ga dudz 
u
R0
þ 1
R0
dw
dh
 
 Ga
h0
u1  h12 /1  u2 
h2
2
/2
 
þ Ga dwadx ;
ð9bÞ
where Ea and Ga are Young’s modulus and shear modulus of the
adhesive, respectively; u and w are the tangential and radial dis-
placements of adhesive layer, respectively. u=R0 is ignored in Eq.
(9b) since it is much smaller than other two terms. Eq. (9) is similar
to the three-parameter elastic foundation model used by KerrK = 2Ea/h0
K = 2Ea/h0
Ga
w1
wa
w2
Fig. 2. Three-parameter elastic foundation model for the adhesive layer.(1965) and Avramidis and Morﬁdis (2006). Therefore, the adhesive
layer model described by Eq. (9) is referred to as three-parameter
elastic foundation model (3PEF) by Wang (2007). It can be found
that Eq. (9) is a straight extension of the classical 2PEF model (Go-
land and Reissner, 1944) by breaking the one layer normal spring in
the 2PEF model into two layers. Consequently, the number of inde-
pendent parameters is changed from two ðr and sÞ in the 2PEF
model to three (r1, r2, and s) in the 3PEF model. Introducing two
different normal stresses not only makes all boundary conditions
be satisﬁed, but also reveals different nature of normal stress along
the PA and CA interfaces, which cannot be obtained through the
2PEF model.
Ignoring the axial and bending moment of the adhesive layer,
equilibrium condition of the adhesive layer requires (Fig. 1)
ds
dx
¼ ðR0  h0=2Þr2  ðR0 þ h0=2Þr1
R0h0
: ð10Þ
Eq. (10) describes the interaction between the normal and shear
stresses within the adhesive layer. Noting that s changes drastically
at the vicinity of the thin plate end, Eq. (10) suggests that r1 and r2
are signiﬁcantly different in this region. In the 2PEF model (De Lore-
zis et al., 2006), r1 is equal to r2 even though the left-hand side of
Eq. (10) is not zero. Clearly, the force equilibrium condition of the
adhesive layer is violated in the 2PEF model.2.3. Governing differential equation
Substituting the ﬁrst equation in Eq. (5) into Eq. (9b) and differ-
entiating both sides and considering Eq. (4), we have
R1h0
bGaðR0 þ h0=2ÞR0 R1
d2N1
dx21
þ dQ1
dx1
þ b R1 þ h12
 
dqt
dx1
 !
¼ h0 d
2waðxÞ
dx2
þ R1
R0
N1
C1
þ M1
C1R1
 
 R2
R0
N2
C2
þ M2
C2R2
 
 h1R1
2R0
N1
C1R1
þ M1b1
CiR
2
1ðb1  1Þ
 !
 h2R2
2R0
N2
C2R2
þ M2b2
C2R
2
2ðb2  1Þ
 !
:
ð11Þ
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d2wa
dx2
¼ R1
R0
 2 d2w1
dx21
 h0
2Ea
d2r1
dx2
: ð12Þ
Considering the constitutive equation (4), we can write
d2w1
dx21
¼ 1
B1b1
dQ1
dx1
 d/1
dx1
þ 1
R1
du1
dx1
¼ R1
R0B1b1
d2M1
dx21
þ R1ðh1 þ h0Þ
2R0B1b1
d2N1
dx21
 M1
C1R
2
1ðb1  1Þ
: ð13Þ
Differentiating the second equation of Eq. (5) twice leads to
d2r1
dx2
¼ 1
bðR0 þ h0=2Þ
R1
R0
 2
 d
2
dx21
R1
dQ1
dx1
 N1
 
 ðR1 þ h1=2Þbqn
 
¼ R
4
1
bðR0 þ h0=2ÞR30
d4M1
dx41
þ R
4
1ðh1 þ h0Þ
2bðR0 þ h0=2ÞR30
d4N1
dx41
 R
2
1
bðR0 þ h0=2ÞR20
d2N1
dx21
 ðR1 þ h1=2ÞðR0 þ h0=2Þ
d2qn
dx2
: ð14Þ
Substituting Eqs. (12)–(14) into Eq. (11) and considering Eq. (8), we
obtain
C11
d4M1
dx41
þ C12 d
4N1
dx41
þ C13 d
2M1
dx21
þ C14 d
2N1
dx21
þ C15M1 þ C16N1 þ F1ðxÞ ¼ 0; ð15Þ
where
C11¼ h
2
0R
4
1
2bEaðR0þh0=2ÞR30
; C12¼ h
2
0ðh1þh0ÞR41
4bEaðR0þh0=2ÞR30
;
C13¼ h0R
3
1
B1b1R
3
0
 h0R
2
1
bGaðR0þh0=2ÞR20
;
C14¼ h
2
0R
2
1
2EaðR0þh0=2ÞbR20
þh0ðh1þh0ÞR
3
1
2B1b1R
3
0
h0ð2R0þh1þh0ÞR
2
1
2bGaðR0þh0=2ÞR20
;
C15¼ h0
C1R
2
0ðb11Þ
þ 1
R0
1
C1
þ 1
C2
 h1b1
2C1R1ðb11Þ
þ h2C2b2
2C2R2ðb21Þ
 
;
C16¼ 1R0
R1
C1
þR2
C2
1
2
h1
C1
h2
C2
 
þh1þh2þ2h0
2

 1
C2
þ h2b2
2R2ðb21Þ
 
;
F1ðxÞ¼ 1R0
1
C2
þ h2b2
2R2ðb21Þ
 
MT R2h2=2R0C2 NT
 h
2
0
2Ea
R1þh1=2
R1h1=2
d2qn
dx2
h0
Ga
R1þh1=2
R1h1=2
dqt
dx
: ð16Þ
Adding two equations of Eq. (9a) gives
r1 þ r2 ¼ 2Eaðw1 w2Þh0 : ð17Þ
Differentiating the above equation twice and considering Eq. (4), we
have
d2r1
dx2
þ d
2r2
dx2
¼ 2Ea
h0R
2
0
R21
d2w1
dx21
 R22
d2w2
dx22
 !
¼ 2Ea
h0R
2
0
R21
1
B1
dQ1
dx1
 d/1
dx1
þ 1
R1
du1
dx1
 
 R22
1
B2
dQ2
dx2
 d/2
dx2
þ 1
R2
du2
dx2
 
: ð18ÞDifferentiating Eq. (10) twice with respect to x yields
d2r2
dx2
¼ R0 þ h0=2
R0  h0=2
d2r1
dx2
þ R0h0
R0  h0=2
d3s
dx3
: ð19Þ
Substituting Eqs. (14), (19), (5) and (4) into Eq. (18), we have
C21
d4M1
dx41
þ C22 d
4N1
dx41
þ C23 d
2M1
dx21
þ C24 d
2N1
dx21
þ C25M1 þ C26N1 þ F2ðxÞ ¼ 0; ð20Þ
where
C21 ¼ R
4
1ð2R0 þ h0Þ
bR30ðR0  h0=2ÞðR0  h0=2Þ
;
C22 ¼ R
4
1ðR0ðh1 þ 2h0Þ þ h0ðh1 þ h0ÞÞ
bR30ðR0 þ h0=2ÞðR0  h0=2Þ
;
C23 ¼ 2EaR
3
1
h0R
3
0
1
B1
þ R2
B2R1
 
;
C24 ¼  R
2
1
bðh0 þ h0=2ÞR20
 2EaR
3
1
h0R
3
0
h1 þ h0
2
 
1
B1
þ R2
B2R2
 
;
C25 ¼ 2Ea
h0R
2
0
1
B1C1ðb1  1Þ
þ 1
B2C2ðb2  1Þ
 
;
C26 ¼ Eaðh1 þ h2 þ 2h0Þ
h0R
2
0C2B2
;
F2ðxÞ ¼ 2Eah0 
R2
B2R0
d2MT
dx2
 h2
2
d2NT
dx2
 !
 MT
B2C2R
2
0
 !
 2R0
h0  h0=2
R1 þ h1=2
R1  h1=2
d2qn
dx2
þ R0h0
h0  h0=2
R1 þ h1=2
R1  h1=2
d3qt
dx3
:
ð21Þ
Subtracting Eq. (20) multiplied by C11 from Eq. (15) multiplied by
C21 and after rearranging, we have
d2M1
dx21
¼ D11 d
4N1
dx41
þ D12 d
2N1
dx21
þ D13M1 þ D14N1 þ F3ðxÞ; ð22Þ
where
D11 ¼ C12C21  C22C11C13C21  C23C11 ; D12 ¼ 
C14C21  C24C11
C13C21  C23C11 ;
D13 ¼ C15C21  C25C11C13C21  C23C11 ; D14 ¼ 
C16C21  C26C11
C13C21  C23C11 ;
F3ðxÞ ¼ C21F1ðxÞ  C11F2ðxÞC13C21  C23C11 : ð23Þ
Subtracting Eq. (20) multiplied by C13 from Eq. (15) multiplied by
C23 and after rearranging, we have
d4M1
dx41
¼ E11 d
4N1
dx41
þ E12 d
2N1
dx21
þ E13M1 þ E14N1 þ F4ðxÞ; ð24Þ
where
E11 ¼ C12C23  C22C13C11C23  C21C13 ; E12 ¼ 
C14C23  C24C13
C11C23  C21C13 ;
E13 ¼ C15C23  C25C13C11C23  C21C13 ; E14 ¼ 
C16C23  C26C13
C11C23  C21C13 ;
F4ðxÞ ¼ C23F1ðxÞ  C13F2ðxÞC11C23  C21C13 : ð25Þ
Differentiating Eq. (22) twice and substituting into Eq. (23) gives
M1 ¼ F11 d
6N1
dx61
þ F12 d
4N1
dx61
þ F13 d
2N1
dx61
þ F14N1 þ F5ðxÞ; ð26Þ
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F11 ¼ D11
E13  D213
; F12 ¼ D12 þ D13D11 þ E11
E13  D213
;
F13 ¼ D14 þ D13D12  E12
E13  D213
; F14 ¼ D13D14  E14
E13  D213
;
F5ðxÞ ¼ 1
E13  D213
F4ðxÞ þ D13 R0R1
 2 d2F3ðxÞ
dx3
 !
: ð27Þ
Substituting Eq. (26) back into Eq. (22), we have
G11
d8N1
dx81
þ G12 d
6N1
dx61
þ G13 d
4N1
dx41
þ G14 d
2N1
dx21
þ G15N1 þ F6ðxÞ ¼ 0;
ð28Þ
where
G11 ¼ F11; G12 ¼ F12  D13F11;
G13 ¼ F13  D11  D13F12; G14 ¼ F14  D12  D13F13;
G15 ¼ D14  D13F14; F6ðxÞ ¼ R0R1
 2 d2F5ðxÞ
dx2
 D13F5ðxÞ  F3ðxÞ: ð29Þ
Eq. (28) is the governing equation of a curved beam bonded with a
thin plate shown in Fig. 1 based on the 3PEF model. Eq. (28) is of
eighth-order which allows for implementing all the boundary
conditions
2.4. Interface stresses
The governing equation (28) can be solved through its charac-
teristic equation. The forces in beam 1 can be obtained as
N1 ¼ DN1 þ N1C ; M1 ¼ DM1 þM1C ; Q1 ¼ DQ1 þ Q1C ; ð30Þ
where
DN1 ¼
X8
i¼1
cierix; DM1 ¼
X8
i¼1
ciSierix; DQ1 ¼
X8
i¼1
ciTierix; ð31Þ
and Si and Ti are given by
Si ¼ F11r6i þ F12r4i þ F13r2i þ F14; Ti ¼
R1
R0
Siri þ h1 þ h02 ri
 
; ð32Þ
where ri (i = 1, . . .,8) are eight roots of the characteristic equation of
Eq. (28). ci (i = 1, . . .,8) are eight coefﬁcients to be determined by
boundary conditions. N1C ; M1C ; and Q1C are particular solutions ofP
R
3
300 mm
1.2 mm
2 mm
Fig. 3. A simply supported curved beamEq. (28) which are the resultant forces of the curved beam 1 if the
curvedbeamand the thinplatebonded to it are treatedasacomposite
bi-layer curvedbeam. Eq. (30) suggests that the resultant forcesof the
curved beam consist of two parts: the exponential terms
ðDN1; DM1; and DQ1Þwhich are the local disturbance of the relative
soft adhesive layer, and the steady terms ðN1C ; M1C ; and Q1CÞwhich
are the internal forces of the beam based on the composite beam
theory.
By using Eqs. (5) and (6), the interface stresses are obtained as
r1 ¼ Dr1 þ r1C ; r2 ¼ Dr2 þ r2C ; s ¼ Dsþ sC ; ð33Þ
where
Dr1 ¼ R1bðR0 þ h0=2Þ
X8
i¼1
Tiri  1R1
 
cierix;
Dr2 ¼ R1bðR0  h0=2Þ
X8
i¼1
R0 þ h0=2
R0  h0=2 Tiri 
1
R1
 
þR0h0 ri þ TiR1
 
cierix;
Ds ¼ R1
bR0
X8
i¼1
ri þ TiR1
 
cierix;
ð34Þ
and
r1C ¼ R1bðR0 þ h0=2Þ
dQ1C
dx1
 N1C
R1
 R1 þ h1=2
R1
qn
 
;
r1C ¼  R2bðR0  h0=2Þ
dQ2C
dx2
 N2C
R2
 
;
sC ¼ R1bR0
dN1C
dx1
þ Q1C
R1
þ R1 þ h1=2
R1
bqt
 
: ð35Þ
Similar to the beam resultant forces, the interface stresses are also
composed of two parts, the exponential terms representing the lo-
cal stresses concentration near the plate ends, and the steady terms
representing the composite beam solutions.
2.5. Boundary conditions
To determine the coefﬁcients ci in the above solutions, necessary
boundary conditions are needed. Consider a three-point bending
test shown in Fig. 3, in which a concentrated force P is applied to
themid-span of the curved beam. For the sake of simplicity, we only
take the bonded zone as shown in Fig. 4(a) for analysis. The external=150KN
000 mm
300 mm
externally bonded with a FRP plate.
ML-M1CL
NL-N1CL
MR-M1CR
MR-N1CR
ML
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P
I II
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N1CL
M1CR
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P
I II
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Fig. 4. Implement boundary conditions using the principle of superposition.
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can be easily determined by equilibrium analysis. In conventional
way (De Lorezis et al., 2006), this beam is divided into two segments,
I and II, as shown in Fig. 4(a). Individual solutionsarewritten for each
segment and total eight boundary conditions and eight continuity
condition at the loading point are used to determine the coefﬁcients
in the solutions. Clearly, this approach is very tedious, especially
when more than one discontinuities of loading existing in the
bonded zone. To eliminate this tedious procedure, we propose a
new approach to implement boundary conditions using the princi-
ple of superposition. As shown in Eqs. (30) and (33), the beam forces
and interface stresses (Fig. 4(a)) can be obtained by superposing theFig. 5. Finite element model of the problem: (a) mesh of the half ofcomposite beam solutions (Fig. 4(b)) and the local disturbance
(Fig. 4(c)). In Fig. 4(b), the boundary forces with subscript ‘‘C” at
the left and right ends of the beam are given by the particular solu-
tion of Eq. (28) or composite beam theory. Besides the forces applied
at two ends, there is no other external force applied to the beam
within the bonded region in Fig. 4(c). Therefore, there is no need to
divide thebondedzone into twosegments. Implementingcontinuity
conditions is thus avoided. In this case, we only need to determine
eight coefﬁcient ci using the following boundary conditions:
DN1L ¼ NL  N1CL; DM1L ¼ ML M1CL;
DQ1L ¼ QL  Q1CL; sL ¼ 0; ð36aÞthe beam; and (b) close-up of the mesh near the FRP plate end.
1004 J. Wang, C. Zhang / International Journal of Solids and Structures 47 (2010) 998–1006DN1R ¼ NR  N1CR; DM1R ¼ MR M1CR;
DQ1R ¼ QR  Q1CR; sR ¼ 0: ð36bÞ
The above procedure is applicable to general loading conditions,
and is particularly efﬁcient when more than one external loading
discontinuity exists within the bonded zone. It should be pointed
out that the interface stresses obtained by this method show some
difference from those obtained by the conventional method at the
loading point. However, stress concentration at loading point is
much smaller than that at the FRP plate end and therefore, is not
critical to the debonding analysis.-0.5
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(a) 3. Veriﬁcations and comparisons
As veriﬁcations, a curved reinforced concrete (RC) beam strength-
enedby a thin FRP plate under three-point bending (Fig. 3) studied by
De Lorezis et al. (2006) is examined. The simply supported RC beam
with a span of 3000 mm is subjected to a mid-span load of
P = 150 kN. The curvilinear distance from the support to the end of
FRP plate is 300 mm. Material properties are given as: Adherends,
E1 = 30,000 MPa (concrete), E2 = 165,000 MPa (FRP); Adhesive,
Ea ¼ 4000 MPa; ma ¼ 0:35. The geometries of the beam are given by:
h1 ¼ 300 mm; h2 ¼ 1:2 mm; h0 ¼ 2 mm, and b1 ¼ b2 ¼ 200 mm.
Numerical solutions by ﬁnite element analysis (FEA) with
ANSYS are obtained and used as the baseline for comparison. Iso-
parametric eight-node quadrilateral elements are used to generate
the mesh. It has compatible displacement interpolation function
and good curved boundary ﬁtting ability. This element can provide
more accurate results than mixed automatic meshes and can toler-
ate irregular shapes without loss of too much accuracy. The de-
tailed ﬁnite element mesh is shown in Fig. 5.0
0.4
0.8
1.2
1.6
0 10 20 30 40
In
te
rf
a
ci
a
l s
he
a
r 
st
re
ss
 
(M
Pa
)
Curvilinear distance from plate end (mm)
3PEF
2PEF
FEA
(a) 
-2
0
2
4
6
0 10 20 30 40
In
te
rf
a
ci
a
l n
o
rm
a
l s
tr
es
s 
(M
Pa
)
Curvilinear distance from plate end (mm)
3PEF CA interface
3PEF AP interface
2PEF
FEA CA interface
FEA AP interface
-2
0
2
4
6
0 1 2 3
(b) 
Fig. 6. Interface stresses in a curved RC beam strengthened by FRP plate (R0 = 1.5 m):
(a) shear stress; and (b) normal stresses.Fig. 6 shows the interface stresses predicted by the present 3PEF
model and FEA for R0 ¼ 1:5 m. As comparison, stresses obtained
from the 2PEF model (De Lorezis et al., 2006) are also presented
in this ﬁgure. Fig. 6(a) shows the shear stress distribution near
the end of the FRP plate. FEA results suggest that the shear stress
along the mid-plane of the adhesive layer reaches its maximum
at a small distance to the free edge and reduces to zero at the free
edge of the adhesive layer as anticipated. This feature is captured
successfully by the present 3PEF model, as demonstrated by the so-
lid line in Fig. 6(a). This ﬁgure also shows that the 2PEF model fails
to satisfy the zero-shear-stress boundary condition at the free edge.
Fig. 6(b) compares the normal stresses distributions obtained
through different methods. As illustrated by the FEA results, the
normal stress distribution along the concrete/adhesive (CA) inter-
face is different from that along the FRP/adhesive (PA) interface.
The normal stress along the CA interface is tensile while the one
along the PA interface is compressive near the end of the FRP plate.-2
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Fig. 7. Radius of curvature’s effect on interface stresses: (a) shear stress; (b) normal
stresses along concrete/adhesive interface; and (c) normal stresses along FRP/
adhesive interface.
J. Wang, C. Zhang / International Journal of Solids and Structures 47 (2010) 998–1006 1005This feature suggests that debonding may initiate along the CA
interface (within a thin layer of concrete), not along the PA inter-
face for a curved RC beam strengthened by FRP plate. As demon-
strated by Fig. 6(b), the present 3PEF captures this feature very
well; while the 2PEF model only predicts one value for the both
interfaces. Nevertheless, all the solutions converge to one value if
the distance from the edge is big enough.
Fig. 6 conﬁrms that the present 3PEF model successfully over-
comes the drawbacks of the commonly used 2PEF model and cap-
tures two important features of the interface stress of the FRP
strengthened curved concrete beam. Excellent agreement with
FEA results has been achieved by the present model except a very
small region near the end of the FRP plate. In this small boundary
region, stress distribution is dominated by a rather complicated lo-
cal stress ﬁeld, which is singular and oscillatory along the CA and
PA interfaces. The current analytical solutions based on Timo-
shenko’s beam theory are only valid out of this boundary region
according to Saint Venant’s Principle. Hogan and Knowles’s
(1983) estimation suggests that this small region is in proportion
to the thickness of the beam. Therefore, the boundary zone for
the normal stress along the CA interface is larger than that along
the PA interface, as can be observed in Fig. 6(b).
Fig. 7 demonstrates the effect of the radius of curvature of the
beam on interface stress concentration near the edge of the FRP
plate. Fig. 7(a) shows a clear trend of shear stress concentration
increasing with the radius of curvature R0. Similar trend can be ob-
served for normal stresses along the CA and PA interfaces, as
shown in Fig. 7(b) and (c). This observation is in agreement with
De Lorezis et al. (2006).
When the radius of curvature R0 goes to inﬁnite, the curved RC
beam becomes a straight beam. In such a case, the solution ob-
tained in this study will degraded to the solution for straight-5
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Fig. 8. Interface stresses in a straight concrete beam strengthened by FRP plate: (a)
shear stress; and (b) normal stresses.beams (Wang, 2007). Fig. 8 compares the interface stresses in a
straight reinforced concrete beam bonded with a FRP plate studied
by Smith and Teng (2001). Similar conclusions can be draw on
straight beams: (a) the 3PEF model satisﬁes the zero-shear-stress
boundary conditions at the free edge of the adhesive layer, and
(b) the 3PEF model can predicts correctly two different normal
stresses along the CA and PA interfaces.4. Conclusion
In this study, a 3PEF model is used to predict the interface stres-
ses in a curved beam bonded with a thin plate. The 3PEF model
considers the different normal stresses along the PA and CA inter-
faces, which are assumed the same along the two interfaces in the
2PEF model. The interaction between the normal and shear inter-
face stresses is counted for through the equilibrium condition of
the adhesive layer. An eighth-order governing differential equation
is obtained which allows for implementing all the eight available
boundary conditions. The salient features of the new solution in
this study are as follows: (1) it predicts correctly a tensile normal
stress distribution along the AC interface and a compressive nor-
mal stress along the PA interface at the vicinity of the FRP plate
end; and (2) it satisﬁes all boundary conditions, including the
zero-shear stress at the edge of the adhesive layer. The accuracy
of the present model has been veriﬁed by its good agreements with
FEA results. It should be pointed out that the present model can
also be directly used to analyze general adhesively bonded curved
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